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WEIGHTED NORM INEQUALITIES FOR FRACTIONAL
BERGMAN OPERATORS
BENOIˆT F. SEHBA
Abstract. We prove in this note one weight norm inequalities for some
positive Bergman-type operators.
1. Introduction and results
The set R2+ := {z = x+ iy ∈ C : x ∈ R, and y > 0} is called the upper-
half plane. By a weight, we will mean a nonnegative locally integrable
function on R2+. Let α > −1, and 1 ≤ p < ∞. For ω a weight, we denote
by Lp(R2+, ωdVα), the set of all functions f defined on R
2
+ such that
||f ||pp,ω,α :=
∫
R2
+
|f(z)|pω(z)dVα(z) <∞
with dVα(x+ iy) = y
αdxdy. When ω = 1, we simply write Lp(R2+, dVα) and
‖ · ‖p,α for the corresponding norm.
For α > −1 and 0 ≤ γ < 2 + α, the positive fractional Bergman operator
Tα,γ is defined by
(1) Tα,γf(z) :=
∫
R2
+
f(w)
|z − w|2+α−γ
dVα(w).
For γ = 0, the operator P+α := Tα,0 is the positive Bergman projection.
The above operator can be seen as the upper-half plane analogue of the
fractional integral operator (Riesz potential) defined by
Iαf(x) =
∫
Rn
f(y)
|x− y|n−α
, x ∈ Rn
for 0 ≤ α < n, n ∈ N. We recall that the weighted boundedness of the latter
was obtained by B. Muckenhoupt and R. L. Wheeden [6]. More precisely,
let Q be set of all cubes in Rn. Let 1 ≤ p, q <∞. We say a weight ω belongs
to the class Ap,q with p 6= 1, if
[ω]p,q := sup
Q∈Q
(
1
|Q|
∫
Q
ω(x)qdx
) 1
q
(
1
|Q|
∫
Q
ω(x)−p
′
dx
) 1
p′
<∞.
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When p = 1, we denote by A1,q, the class of all weights ω such that
[ω]1,q := sup
Q∈Q
ess sup
x∈Q
(
1
|Q|
∫
Q
ω(t)qdt
) 1
q
ω(x)−1 <∞.
The results obtained by B. Muckenhoupt and R. L. Wheeden [6] summarize
as follows.
THEOREM 1.1. Let 0 < α < n. Then the following are satisfied.
(a) Let q = nn−α . If ω ∈ A1,q, then there is a constant C = C(α, [ω]1,q)
such that
(2) sup
λ>0
λωq ({x ∈ Rn : |Iαf(x)| > λ})
1/q ≤ C
∫
Rn
|f(x)|ω(x)dx.
(b) Given 1 < p < nα , let q be such that
1
p −
1
q =
α
n . If ω ∈ Ap,q, then
there is a constant C = C(α, [ω]p,q) such that
(3)
(∫
Rn
(ω(x)|Iαf(x)|)
qdx
)1
q
≤ C
(∫
Rn
(ω(x)|f(x)|)pdx
) 1
p
.
Our aim in this note is to provide corresponding results for the operator
Tα,γ . For this and to present our results, we need some other definitions.
For any interval I ⊂ R, we denote by QI its associated Carleson square,
that is the set
QI := {z = x+ iy ∈ C : x ∈ I and 0 < y < |I|}.
Let α > −1, and 1 < p < ∞. Given a weight ω, we say ω is in the
Be´kolle`-Bonami class Bp,α, if the quantity
[ω]Bp,α := sup
I∈I
(
1
|QI |α
∫
QI
ω(z)dVα(z)
)(
1
|QI |α
∫
QI
ω(z)1−p
′
dVα(z)
)p−1
is finite. Here and all over the text, for a measurable set E ⊂ R2+, |E|ω,α :=∫
E ω(z)dVα(z) and we write |E|α for |E|1,α. Also, we have used I to denote
the set of all intervals of R.
It is now well known that for 1 < p < ∞, the operator P+α is bounded
on Lp(R2+, ωdVα) if and only if ω ∈ Bp,α (see [1, 2, 7]). For p = 1, we say
ω ∈ B1,α, if
[ω]B1,α := sup
I∈I
ess sup
z∈QI
(
1
|QI |α
∫
QI
ωdVα
)
ω(z)−1 <∞.
For 1 ≤ p, q <∞, we introduce the two following classes of weights: we say
a weight ω belongs to the set Bp,q,α with p 6= 1, if
[ω]Bp,q,α := sup
I∈I
(
1
|QI |α
∫
QI
ωqdVα
) 1
q
(
1
|QI |α
∫
QI
ω−p
′
dVα
) 1
p′
<∞.
We say ω belongs to B1,q,α, if
[ω]B1,q,α := sup
I∈I
ess sup
z∈QI
(
1
|QI |α
∫
QI
ωqdVα
) 1
q
ω(z)−1 <∞.
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We observe that if r = 1 + qp′ , then
[ωq]Br,α = [ω]
q
Bp,q,α
.
The above classes can be compared with the classes of weights Ap,q intro-
duced by B. Muckemhoupt and L. Wheeden in relation with the study of
weighted norm inequality for the Riesz potential (see [6]).
For the strong inequality, we obtain the following.
THEOREM 1.2. Let α > −1 and 0 ≤ γ < 2+α, and 1 < p < 2+αγ . Define q
by 1p −
1
q =
γ
2+α . Assume that the weight ω belongs to the class Bp,q,α. Then
Tα,γ is bounded from L
p(ωpdVα) to L
q(ωqdVα) if and only if ω ∈ Bp,q,α.
Moreover,
(4)(∫
R2
+
(ω(z)|Tα,γf(z)|)
qdVα
) 1
q
≤ Cα,p([ω]Bp,q,α)
1+ p
′
p
+ q
p′
(∫
R2
+
(ω(z)|f(z)|)pdVα
) 1
p
.
We observe if γ ≥ 0, then for any positive function f and any z =
x + iy ∈ R2+, y
γP+α f(z) ≤ Tα,γf(z). It follows that given two weights
σ and ω on R2+, for 1 ≤ p ≤ q < ∞, the (strong) boundedness of Tα,γ
from Lp(R2+, σdVα) to L
q(R2+, ωdVα) implies the boundedness of P
+
α from
Lp(R2+, σdVα) to L
q(R2+, ωdVη) where η = α + qγ. In particular, taking
σ = ω and observing that when γ = (2+α)
(
1
p −
1
q
)
, η = (2+α)( qp −1)+α,
we deduce the following from the above result.
COROLLARY 1.3. Let α > −1 and 0 ≤ γ < 2 + α, and 1 < p < 2+αγ .
Define q by 1p −
1
q =
γ
2+α . Let ω be weight on R
2
+. Assume that the weight
ω ∈ Bp,q,α. Then P
+
α is bounded from L
p(ωpdVα) to L
q(ωqdVη), with η =
(2 + α)( qp − 1) + α. Moreover,
(5)(∫
R2
+
(ω(z)|P+α f(z)|)
qdVη
) 1
q
≤ Cα,p([ω]Bp,q,α)
1+ p
′
p
+ q
p′
(∫
R2
+
(ω(z)|f(z)|)pdVα
) 1
p
.
For the limit case p = 1, we obtain the following weak boundedness of
the operator Tα,γ .
THEOREM 1.4. Let α > −1 and 0 < γ < 2 + α. Let q = 2+α2+α−γ . Assume
that the weight ω belongs to the class B1,q,α. Then Tα,γ is bounded from
L1(ωdVα) into L
q,∞(ωqdVα). Moreover,
(6)
sup
λ>0
λ
∣∣{z ∈ R2+ : |Tα,γf(z)| > λ}∣∣1/qωq ,α ≤ C(α, γ)[ω]qB1,q,α
∫
R2
+
|f(z)|ω(z)dVα(z).
It is not clear how to deduce the weak boundedness of the positive Bergman
operator P+α from the one of Tα,γ . We will then also prove the following.
THEOREM 1.5. Let α > −1 and 0 < γ < 2 + α. Let q = 2+α2+α−γ . Assume
that the weight ω belongs to the class B1,q,α. Then P
+
α is bounded from
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L1(ωdVα) into L
q,∞(ωqdVη) with η = (2 + α)(q − 1) + α. In this case,
(7)
sup
λ>0
λ
∣∣{z ∈ R2+ : |P+α f(z)| > λ}∣∣1/qωq,η ≤ C(α, γ)[ω]2q−1B1,q,α
∫
R2
+
|f(z)|ω(z)dVα(z).
It is clear from [5, 8] that our results are not sharp in terms of dependence
on [ω]Bp,q,α . In particular, the power of [ω]Bp,q,α in the inequality (4) is
coarse. We also illustrate this fact with the following estimate for a concrete
example of exponents that is inspired from [5].
Put
p0 =
2− γ2+α
γ
2+α −
(
γ
2+α
)2
+ 1
; q0 =
2− γ2+α
1− γ2+α
.
Observe that
1
q0
=
1
p0
−
γ
2 + α
and
q0
p′0
= 1−
γ
2 + α
.
Note also that q0 < 1 +
p′0
p0
+ q0p′
0
.
THEOREM 1.6. Let ω ∈ Bp0,q0,α, α > −1. Then Tα,γ : L
p0(ωp0dVα) −→
Lq0(ωq0dVα) is bounded. Moreover,
‖Tα,γ‖Lp0 (ωp0dVα)−→Lq0 (ωq0dVα) ≤ Cp0,q0,α[ω]
q0
Bp0,qo,α
.
For our proofs, we follow the now standard trend of techniques of sparse
domination using dyadic grids. As observed above, our operators are clearly
analogue of the Riesz potential. We note that a simplification of the proofs
of the results in Theorem 1.1 was recently obtained by D. Cruz-Uribe [4].
We follow here the approach in the online version of [4] (the reader is advised
to consult this online version and not the published one). We note that there
is a natural sparse family (see for example [4] for a definition of sparseness)
on the upper-half plane made of Carleson squares.
The strong inequalities are easier to prove than the weak inequalities and
we only provide a proof here for the sake of the reader not used to these
techniques. For the weak type estimates, we remark that one of the key
arguments in the online version of [4] is the reverse Ho¨lder’s inequality, a
tool that is not available in our setting. To overcome this difficulty, we use
a reverse doubling property satisfied by the Be´kolle´-Bonami weights with
a careful consideration of the involved constant. In the case of weak type
estimate for the positive Bergman operator, there is a further difficulty due
to the change of weight (power of the distance to the boundary). There is
another cost to pay to overcome this other difficulty which is illustrated by
the change of the power in the constant in (7).
The question of sharp off-diagonal estimates for the Bergman projection
has been partially answered in [8]. Its extension to the full upper-triangle
and Sawyer-type characterizations are considered in a forthcoming paper.
Note also that in [9], we obtained some bump-conditions for the two-weight
boundedness of the above fractional Bergman operators.
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In the next section, we recall some useful facts and results needed in our
proofs. Here, we particularly point out the fact that our results essentially
follow from their dyadic counterparts. In Section 3, we prove the weak type
results. The strong inequalities are proved in Section 4.
Given two positive quantities A and B, the notation A . B (resp. B . A)
will mean that there is a universal constant C > 0 such that A ≤ CB (resp.
B ≤ CA). When A . B and B . A, we write A ⋍ B. Notation Cα or C(α)
means that the constant C depends on the parameter α.
2. Preliminaries
2.1. Some properties of weights. The following is an easy consequence
of the Ho¨lder’s inequality (see [3, Lemma 2.1.] for the case α = 0).
LEMMA 2.1. Let 1 < p < ∞, and α > −1. Let I ⊂ R be an interval
and denote by TI the upper half of the Carleson square QI . Assume that
ω ∈ Bp,α. Then
(8) |QI |ω,α ≤ Cp,α[ω]Bp,α |TI |ω,α
where Cp,α := max{2,
(
21+α
21+α−1
)p
}.
As a consequence of the above lemma, we obtain the following reverse
doubling property.
LEMMA 2.2. Let 1 < p < ∞, and α > −1. Let I ⊂ R be an interval,
and denote by BI the lower half of the Carleson square QI . Assume that
ω ∈ Bp,α. Then
|BI |ω,α
|QI |ω,α
≤ θ
where θ = 1− 1Cp,α[ω]Bp,α
, with Cp,α the constant in (8).
2.2. Maximal functions and their boundedness. Let α > −1, 0 ≤ γ <
2 + α, and let σ be a weight. The weighted fractional maximal function
Mσ,α,γ is defined by
(9) Mσ,α,γf(z) := sup
I⊂R
z∈QI
1
|QI |
1− γ
2+α
σ,α
∫
QI
|f(w)|σ(w)dVα(w).
When γ = 0, the above operator is just the weighted Hardy-Littlewood
maximal function denoted Mσ,α and if moreover, σ = 1, we simply write
Mα. The unweighted fractional maximal function is just the operator
Mα,γ :=M1,α,γ .
We consider the following system of dyadic grids,
Dβ := {2j
(
[0, 1) +m+ (−1)jβ
)
: m ∈ Z, j ∈ Z}, for β ∈ {0, 1/3}.
When β = 0, we observe that D0 is the standard dyadic grid of R, denoted
D.
For any β ∈ {0, 1/3}, we denote byMd,βσ,α,γ the dyadic analogue ofMσ,α,γ ,
defined as in (9) but with the supremum taken over dyadic intervals in the
grid Dβ.
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We have the following useful result.
LEMMA 2.3. Let 1 ≤ p ≤ q < ∞, α > −1 and 0 ≤ γ < 2 + α. Let ω be a
weight on R2+, and let µ be a positive measure on R
2
+. Then the following
assertions are equivalent.
(a) There is a constant C1 > 0 such that for any f ∈ L
p(R2+, ωdVα), and
any λ > 0,
(10) µ({z ∈ R2+ :Mα,γf(z) > λ}) ≤
C1
λq
(∫
R2
+
|f(z)|pω(z)dVα(z)
)q/p
.
(b) There is a constant C2 > 0 such that for any f ∈ L
p(R2+, ωdVα), for
any β ∈ {0, 13}, and any λ > 0,
(11) µ({z ∈ R2+ :M
d,β
α,γf(z) > λ}) ≤
C2
λq
(∫
R2
+
|f(z)|pω(z)dVα(z)
)q/p
.
(c) There is a constant C3 > 0 such that for any interval I ⊂ R,
(12) |QI |
q( γ
2+α
− 1
p
)
α
(
1
|QI |α
∫
QI
ω1−p
′
(z)dVα(z)
)q/p′
µ(QI) ≤ C3
where
(
1
|QI |α
∫
QI
ω1−p
′
(z)dVα(z)
)1/p′
is understood as (infQI ω)
−1
when p = 1.
Proof. The equivalence (a)⇔(c) is from [9, Theorem 2.3]. Clearly, (a)⇒(b).
That (b)⇒(a) follows from [9, Lemma 4.1] and is the main idea in the proof
of [9, Theorem 2.3]. 
We refer to [9, Corollary 4.3] for the following.
LEMMA 2.4. Let α > −1, 0 ≤ γ < 2 + α, and let σ be a weight. Let
1 < p < 2+αγ , and define q by
1
q =
1
p −
γ
2+α . Then there exists a constant
C = C(p, α, γ) such that for any β ∈ {0, 13},
(13)(∫
R2
+
(
(Md,βσ,α,γf)(z)
)q
σ(z)dVα(z)
)1/q
≤ C
(∫
R2
+
|f(z)|pσ(z)dVα(z)
)1/p
.
2.3. Dyadic analogue of fractional Bergman operators. Let α > −1
and 0 ≤ γ < 2 + α. For β ∈ {0, 1/3}, we introduce the following dyadic
operators
(14) Qβα,γf =
∑
I∈Dβ
|QI |
γ
2+α
α 〈f,
1QI
|QI |α
〉α1QI .
Here, 〈·, ·〉α stands for the duality pairing
〈f, g〉α =
∫
R2+
f(z)g(z)dVα(z).
The operators Qβα,γ were introduced in [7] in the case γ = 0 in relation with
sharp estimate of the Bergman projection. The following result is obtained
as in the case γ = 0 (see [7, Proposition 3.4]).
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LEMMA 2.5. Let α > 0 and 0 ≤ γ < 2 + α. Then exists a constant
C = Cα,γ > 0 such that for all f ∈ L
1
loc(R
2
+, dVα), f ≥ 0 and z ∈ R
2
+,
(15) Tα,γf(z) ≤ C
∑
β∈{0, 1
3
}
Qβα,γf(z).
We also recall the following covering results. The first one is [7, Lemma
3.1] while the second one is [3, Lemma 2.3].
LEMMA 2.6. Let I be any interval in R. Then the following hold.
(1) There exists a dyadic interval J ∈ Dβ for some β ∈ {0, 13} such that
I ⊆ J and |J | ≤ 8|I|.
(2) For any β ∈ {0, 13}, I can be covered by two adjacent intervals I1
and I2 in D
β such that |I| < |I1| = |I2| ≤ 2|I|.
REMARK 2.7. As the operators considered here are positive, we only need
to consider positive functions in our proofs. Also from Lemma 2.5, it follows
that to prove the norm inequalities for Tα,γ, it suffices to prove them for the
positive dyadic operators Qβα,γ . Let us note that it is also enough to prove
the norm inequalities for bounded and compactly supported functions as the
general case will follow from Fatou’s lemma.
3. Proof of Theorem 1.4 and Theorem 1.5
Proof of Theorem 1.4. Assume that ω ∈ B1,q,α. Following Remark 2.7 one
only needs to show that the estimate (6) holds with Tα,γ replaced by Q
β
α,γ .
From the same remark, the definition (14) and Lemma 2.6, we can assume
that f is supported on some dyadic square QJ , J ∈ D
β, as we also prove
that the estimate obtained is independent of J .
Put for λ > 0,
Eλ := {z ∈ R
2
+ : Q
β
α,γf(z) > λ}.
Let Λ > 0 be fixed. We first check that
sup
0<λ<Λ
λq|Eλ|u,α <∞, u = ω
q.
Indeed if z /∈ QJ , then Q
β
α,γf(z) 6= 0 only if we can find I ∈ Dβ such that
J ⊂ I and z ∈ QI . Let I0 be the smallest I such that this holds. Then for
any other I ∈ Dβ such that J ⊂ I and z ∈ QI , we have that QI0 ⊆ QI and
so, |QI |α = 2
(2+α)k|QI0 |α for some integer k > 0. Moreover,∫
QI
fdVα =
∫
QI0
fdVα.
It follows that
Qβα,γf(z) =
∑
J⊂I
|QI |
γ
2+α
−1
α
∫
QI
fdVα
=
(
∞∑
k=0
2(1+α)k(
γ
2+α
−1)
)
|QI0 |
γ
2+α
−1
α
∫
QI0
fdVα
≤ CMd,βα,γf(z).
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Hence putting
Fλ :=
{
z ∈ R2+ :M
d,β
α,γf(z) >
λ
C
}
,
we obtain
sup
0<λ<Λ
λq|Eλ|u,α ≤ Λ
q|QJ |u,α + sup
0<λ<Λ
λq
∣∣∣∣
{
z ∈ R2+ \QJ :M
d,β
α,γf(z) >
λ
C
}∣∣∣∣
u,α
≤ Λq|QJ |u,α + sup
0<λ<Λ
λq|Fλ|u,α <∞
since u is locally integrable andMd,βα,γ is bounded from L1(udVα) to L
q,∞(udVα)
for u satisfying
sup
I
ess sup
I∈QI
(
1
|QI |α
∫
QI
udVα
) 1
q
ω−1(z) <∞
(see Lemma 2.3).
Next, we observe that
Qβα,γf(z) = Q
β, in
α,γ,Jf(z) +Q
β, out
α,γ,J f(z)
where
Qβ, inα,γ,Jf(z) =
∑
I∈Dβ
I⊆J
|QI |
γ
2+α
α
(
1
|QI |α
∫
QI
fdVα
)
1QI (z)
and
Qβ, outα,γ,J f(z) =
∑
I∈Dβ
I⊇J
|QI |
γ
2+α
α
(
1
|QI |α
∫
QI
fdVα
)
1QI (z).
We recall that Eλ can be written as a union of maximal dyadic Carleson
squares. Indeed, if z ∈ Eλ, denote by Q(z) the smallest dyadic square
containing z. Let w ∈ Q(z). Then any dyadic square supported by an interval
in Dβ containing z contains Q(z) and hence contains w. Thus
λ < Qβα,γf(z) =
∑
I∈Dβ
z∈QI
|QI |
γ
2+α
α 〈f,
1QI
|QI |α
〉α
≤
∑
I∈Dβ
w∈QI
|QI |
γ
2+α
α 〈f,
1QI
|QI |α
〉α
= Qβα,γf(w).
Hence Q(z) ⊂ Eλ. That is for any z ∈ Eλ, there is a dyadic square containing
z that is entirely contained in Eλ. Moreover, as f is compactly supported,
this dyadic square cannot be arbitrary large. Thus Eλ is a union of maximal
dyadic Carleson squares.
Let I ∈ Dβ be such that QI is one of the maximal squares above. Let I˜
be the dyadic parent of I. Then there exists z0 ∈ QI˜\QI such that for any
z ∈ QI ,
λ ≥ Qβα,γf(z0) ≥ Q
β, out
α,γ,I f(z0) = Q
β, out
α,γ,I f(z).
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It follows that for any z ∈ QJ ∩ E2λ,
Qβ, inα,γ,If(z) > λ.
Next we fix Λ > 0. We also fix λ such that 0 < λ < Λ. We recall that
u = ωq. Define L to be family of maximal dyadic Carleson squares whose
union is Eλ. Put
L1 := {QI ∈ L : |QI ∩ E2λ|u,α ≥ 2
−q−1|QI |u,α}
and
L2 := L\L1.
Then
(2λ)q |E2λ|u,α = (2λ)
q
∑
QI∈L
|QI ∩ E2λ|u,α
= (2λ)q

 ∑
QI∈L1
|QI ∩ E2λ|u,α +
∑
QI∈L2
|QI ∩ E2λ|u,α

 .
We have
(2λ)q
∑
QI∈L2
|QI ∩ E2λ|u,α ≤ (2λ)
q2−q−1
∑
QI∈L2
|QI |u,α
≤
1
2
λq
∑
QI∈L2
|QI |u,α
≤
1
2
λq|Eλ|u,α
≤
1
2
sup
0<λ<Λ
λq|Eλ|u,α <∞.
Now
L := (2λ)q
∑
QI∈L1
|QI ∩ E2λ|u,α
= (2λ)q
∑
QI∈L1
|QI ∩ E2λ|
q
u,α|QI ∩ E2λ|
1−q
u,α
≤ 2q
2−1(2λ)q
∑
QI∈L1
|QI ∩ E2λ|
q
u,α|QI |
1−q
u,α
≤ C(q)
∑
QI∈L1
(λ|QI ∩ E2λ|u,α)
q|QI |
1−q
u,α
≤ C(q)
∑
QI∈L1
(λ|{z ∈ QI : Q
β, in
α,γ,If(z) > λ}|u,α)
q|QI |
1−q
u,α
≤ C(q)
∑
QI∈L1
(∫
QI
(
Qβ, inα,γ,If(z)
)
u(z)dVα(z)
)q
|QI |
1−q
u,α
= C(q)
∑
QI∈L1
(∫
QI
(
Qβ, inα,γ,Iu(z)
)
f(z)dVα(z)
)q
|QI |
1−q
u,α
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where we have used duality and the fact that Qβ, inα,γ,I is self-adjoint with
respect to the pairing
〈f, g〉α =
∫
R2
+
f(z)g(z)dVα(z).
Let us estimate Qβ, inα,γ,Iu. We recall that
q =
2 + α
2 + α− γ
and so
1
q′
=
γ
2 + α
.
We first write
Qβ, inα,γ,Iu(z) =
∑
K∈Dβ
K⊆I
|QK |
γ
2+α
α
(
1
|QK |α
∫
QK
udVα
)
1QK (z)
=
∑
K∈Dβ
K⊆I
|QK |
1
q′
α
(
1
|QK |α
∫
QK
udVα
) 1
q
+ 1
q′
1QK (z).
We observe that for any QK ⊆ QI , z ∈ QK ,(
1
|QK |α
∫
QK
udVα
) 1
q
≤ [ω]B1,q,αω(z).
On the other hand, as u ∈ B1,α ⊂ B2,α with [u]B2,α ≤ [u]B1,α , we have from
Lemma 2.1 and Lemma 2.2 that for any K ∈ Dβ,
|BK |u,α
|QK |u,α
≤ δ
where δ = 1 − 1Cα[u]B1,α
> 12 where Cα := max{2,
22+2α
(21+α−1)2
}, BK being the
lower half of QK . It follows that if Kj is a descendant of K of the j−th
generation, then
|QKj |u,α
|QK |u,α
≤ δj .
Let us fix z ∈ QI . Then each K in the sum Q
β, in
α,γ,Iu(z) is a descendant of
I of some generation and it is the unique dyadic interval of this generation
such that z ∈ QK . It follows that∑
K∈Dβ
K⊆I
|QK |
1
q′
α
(
1
|QK |α
∫
QK
udVα
) 1
q′
=
∑
K⊆I
|QK |
1
q′
u,α
≤
∞∑
k=0
δ
k
q′ |QI |
1
q′
u,α
≤
1
1− δ
1
q′
|QI |
1
q′
u,α.
As δ > 12 ,
1
1− δ
1
q′
≤
(
1
1− δ
) 1
q′
= C
1
q′
α [ω]
q
q′
B1,q,α
.
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Hence
(16) Qβ, inα,γ,Iu(z) ≤ C(q, α)[ω]
1+ q
q′
B1,q,α
ω(z)|QI |
1
q′
u,α.
It follows that
L := (2λ)q
∑
QI∈L1
|QI ∩ E2λ|u,α
≤ C(q, α)[ω]
q+ q
2
q′
B1,q,α
∑
QI∈L1
(∫
QI
f(z)ω(z)dVα(z)
)q
|QI |
1−q+ q
q′
u,α
= C(q, α)[ω]q
2
B1,q,α

 ∑
QI∈L1
∫
QI
fωdVα(z)


q
≤ C(α)[ω]q
2
B1,q,α
(∫
R2
+
fωdVα(z)
)q
.
Putting the two estimates together, we obtain
(17) (2λ)q |E2λ|u,α ≤
1
2
sup
0<λ<Λ
λq|Eλ|u,α + C[ω]
q2
B1,q,α
(∫
R2
+
fωdVα(z)
)q
.
Recall that sup0<λ<Λ λ
q|Eλ|u,α < ∞. Hence, taking the supremum on the
left hand side of the inequality (17), we get
sup
0<λ<Λ
λq|Eλ|u,α ≤ C[ω]
q2
B1,q,α
(∫
R2
+
fωdVα(z)
)q
.
Letting Λ→∞, we obtain the estimate (6). 
We next provide the modifications needed in the above proof to prove
Theorem 1.5.
Proof of Theorem 1.5. Assume that ω ∈ B1,q,α. We recall with Lemma 2.5
that for f ≥ 0,
P+α f ≤
∑
β∈{0, 1
3
}
Qβαf,
where
Qβαf =
∑
I∈Dβ
〈f,
1QI
|QI |α
〉αχQI .
We also recall with Remark 2.7 that one only needs to show that the estimate
(7) holds with P+α replaced by Q
β
α. We still assume that f is supported on
some dyadic cube QJ , J ∈ D
β. We recall that η = (2 + α)(q − 1) + α. Put
for λ > 0,
Eλ := {z ∈ R
2
+ : Q
β
αf(z) > λ}.
Let Λ > 0 be fixed. Let us check as above that
sup
0<λ<Λ
λq|Eλ|u,η <∞, u = ω
q.
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Still reasoning as in the previous proof, we obtain that there is a constant
C > 0 such that for z /∈ QJ , Q
β
αf(z) ≤ CM
d,β
α f(z), and putting
Fλ :=
{
z ∈ R2+|QJ :M
d,β
α f(z) >
λ
C
}
,
we obtain
sup
0<λ<Λ
λq|Eλ|u,η ≤ Λ
q|QJ |u,η + sup
0<λ<Λ
λq|Fλ|u,η <∞
since u is locally integrable and by Lemma 2.3, Md,βα is bounded from
L1(udVα) to L
q,∞(udVη) as the measure dµ(z) = u(z)dVη(z) is such that
for any interval I and any z ∈ QI ,
|QI |
−q
α ω
−q(z)µ(QI) = |QI |
−q
α ω
−q(z)|QI |u,η
≤ |QI |
−q
α ω
−q(z)|QI |
q−1
α |QI |u,α
=
|QI |u,α
|QI |α
ω−q(z)
≤ [ω]q1,q,α.
Now let us decompose Qβα as follows
Qβαf(z) = Q
β, in
α,J f(z) +Q
β, out
α,J f(z)
where
Qβ, inα,J f(z) =
∑
I∈Dβ
I⊆J
(
1
|QI |α
∫
QI
fdVα
)
1QI (z)
and
Qβ, outα,J f(z) =
∑
I∈Dβ
I⊇J
(
1
|QI |α
∫
QI
fdVα
)
1QI (z).
We also obtain as in the previous proof that for any z ∈ QJ ∩ E2λ,
Qβ, inα,J f(z) > λ.
Let us once more fix Λ > 0. We then also fix λ such that 0 < λ < Λ. We still
denote by L the family of maximal dyadic Carleson squares whose union is
Eλ. We also define
L1 := {QI ∈ L : |QI ∩ E2λ|u,η ≥ 2
−q−1|QI |u,η}
and
L2 := L\L1.
Then
(2λ)q|E2λ|u,η = (2λ)
q

 ∑
QI∈L1
|QI ∩ E2λ|u,η +
∑
QI∈L2
|QI ∩ E2λ|u,η

 .
We obtain once more that
(2λ)q
∑
QI∈L2
|QI ∩ E2λ|u,η ≤
1
2
sup
0<λ<Λ
λq|Eλ|u,η <∞.
INEQUALITIES FOR THE FRACTIONAL BERGMAN OPERATORS 13
Now, still following the proof of Theorem 1.4, we obtain
L := (2λ)q
∑
QI∈L1
|QI ∩ E2λ|u,η
≤ C(q)
∑
QI∈L1
(∫
QI
(
Qβ, inα,I f(z)
)
u(z)dVη(z)
)q
|QI |
1−q
u,η
= C(q)
∑
QI∈L1

∑
K⊆I
〈f,
1QK
|QK |α
〉α|QK |u,η


q
|QI |
1−q
u,η .
Now observe that as 1− q < 0 and TI ⊂ QI , we have
|QI |
1−q
u,η ≤ |TI |
1−q
u,η ≤ Cα,γ |I|
(2+α)(1−q)(q−1) |TI |
1−q
u,α .
Hence for any K ⊂ I, we obtain
|QI |
1−q
u,η ≤ Cα,γ |QK |
(1−q)(q−1)
α |TI |
1−q
u,α .
Note also that
|QK |u,η ≤ |QK |
q−1
α |QK |u,α.
It follows from these observations that
L ≤ C(q)
∑
QI∈L1

∑
K⊆I
|QK |
1
q′
α 〈f,
1QK
|QK |α
〉α|QK |u,α


q
|TI |
1−q
u,α
= C(q)
∑
QI∈L1
(∫
QI
(
Qβ, inα,γ,If(z)
)
u(z)dVα(z)
)q
|TI |
1−q
u,α .
Hence
(18) L ≤ C(q)
∑
QI∈L1
(∫
QI
(
Qβ, inα,γ,Iu(z)
)
f(z)dVα(z)
)q
|TI |
1−q
u,α .
Using (16) and Lemma 2.1, we obtain that
Qβ, inα,γ,Iu(z) ≤ C(q, α)[ω]
1+ q
q′
B1,q,α
ω(z)|QI |
1
q′
u,α
≤ C(q, α)[ω]
1+ 2q
q′
B1,q,α
ω(z)|TI |
1
q′
u,α.
Taking this into (18), we conclude that
L := (2λ)q
∑
QI∈L1
|QI ∩ E2λ|u,η
≤ C(q, α)[ω]
q+ 2q
2
q′
B1,q,α
∑
QI∈L1
(∫
QI
f(z)ω(z)dVα(z)
)q
|TI |
q
q′
+1−q
u,α
≤ C(q, α)[ω]2q
2−q
B1,q,α
(∫
R2
+
f(z)ω(z)dVα(z)
)q
.
The remaining of the proof then follows as in the last part of the proof of
Theorem 1.4. 
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4. Proof of Theorem 1.2 and Theorem 1.6
We start this section with the proof of Theorem 1.2.
Proof of Theorem 1.2. We start by considering the sufficiency. We recall
that for any f ≥ 0,
Tα,γf ≤
∑
β∈{0, 1
3
}
Qβα,γf
where the dyadic operators Qβα,γ are given by (14). Thus the question re-
duces to proving that
Qβα,γ : L
p(ωpdVα) −→ L
q(ωqdVα)
is bounded. Let us put u = ωq and σ = ω−p
′
. For any g ∈ Lq
′
(ω−q
′
dVα), we
would like to estimate
〈Tα,γf, g〉α =
∑
I∈Dβ
|QI |
γ
2+α
−1
α
(∫
QI
fdVα
)(∫
QI
gdVα
)
=
∑
I∈Dβ
|QI |
γ
2+α
−1
α
(∫
QI
(fσ−1)σdVα
)(∫
QI
(gu−1)udVα
)
.
Put
Sσ,α(f,QI) =
1
|QI |σ,α
∫
QI
fσdVα
and
Su,α,γ(g,QI) =
1
|QI |
1− γ
2+α
u,α
∫
QI
gudVα.
Then
L := 〈Tα,γf, g〉α
=
∑
I∈Dβ
|QI |
γ
2+α
−1
α |QI |σ,α|QI |
1− γ
2+α
u,α Sσ,α(fσ
−1, QI)Su,α(gu
−1, QI).
Now observe that if r = 1+ qp′ , then [u]Br,α = [ω]
q
Bp,q,α
and [σ]Br′,α = [ω]
p′
Bp,q,α
.
It follows using Lemma 2.1 that
|QI |
γ
2+α
−1
α |QI |σ,α|QI |
1− γ
2+α
u,α = |QI |
− 1
p′
− 1
q
α |QI |
1
p′
+ 1
p
σ,α |QI |
1
p′
+ 1
q
u,α
≤ [ω]Bp,q,α |QI |
1
p
σ,α|QI |
1
p′
u,α
≤ Cp,α,γ[ω]Bp,q,α [u]
1
p′
Br,α
[σ]
1
p
Br′,α
|TI |
1
p
σ,α|TI |
1
p′
u,α
= Cp,α,γ[ω]
1+ p
′
p
+ q
p′
Bp,q,α
|TI |
1
p
σ,α|TI |
1
p′
u,α.
Hence
L := 〈Tα,γf, g〉α
≤ C[ω]
1+ p
′
p
+ q
p′
Bp,q,α
∑
I∈Dβ
Sσ,α(fσ
−1, QI)|TI |
1
p
σ,αSu,α(gu
−1, QI)|TI |
1
p′
u,α
≤ C[ω]
1+ p
′
p
+ q
p′
Bp,q,α
L1 × L2
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where
L1 :=

∑
I∈Dβ
Sσ,α(fσ
−1, QI)
p|TI |σ,α


1
p
and
L2 :=

∑
I∈Dβ
Su,α(fu
−1, QI)
p′ |TI |u,α


1
p′
.
We easily obtain with the help of Lemma 2.4 that
L1 :=

∑
I∈Dβ
Sσ,α(fσ
−1, QI)
p|TI |σ,α


1
p
=

∑
I∈Dβ
∫
TI
Sσ,α(fσ
−1, QI)
pσdVα


1
p
≤
(∫
R2
+
(Md,βσ,α(fσ
−1)(z))pσ(z)dVα(z)
) 1
p
≤ C
(∫
R2
+
(fσ−1)pσdVα
) 1
p
= C
(∫
R2
+
(fω)pdVα
) 1
p
.
Observing that 1q′ −
1
p′ =
γ
2+α , we obtain with the help of Lemma 2.4 that
L2 :=

∑
I∈Dβ
Su,α(fu
−1, QI)
p′ |TI |u,α


1
p′
=

∑
I∈Dβ
∫
TI
Su,α(gu
−1, QI)
p′udVα


1
p′
≤
(∫
R2
+
(Md,βu,α,γ(gu
−1(z))p
′
u(z)dVα(z)
) 1
p′
≤ C
(∫
R2
+
(gu−1)q
′
udVα
) 1
q′
= C
(∫
R2
+
(gω−1)q
′
dVα
) 1
q′
.
Hence,
L := 〈Tα,γf, g〉α
≤ C[ω]
1+ p
′
p
+ q
p′
Bp,q,α
(∫
R2
+
(fω)pdVα
) 1
p
(∫
R2
+
(gω−1)q
′
dVα
) 1
q′
.
That is
〈Tα,γf, g〉α ≤ C[ω]
1+ p
′
p
+ q
p′
Bp,q,α
‖fω‖p,α‖gω
−1‖q′,α.
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Hence taking the supremum over all g ∈ Lq
′
(ω−q
′
dVα) with ‖gω
−1‖q′,α = 1,
we obtain
‖(Tα,γf)ω‖q,α ≤ C[ω]
1+ p
′
p
+ q
p′
Bp,q,α
‖fω‖p,α.
The proof of the sufficiency is complete.
To prove that the condition ω ∈ Bp,q,α is necessary, recall that for any
f > 0,
Mα,γf(z) ≤ Tα,γf(z), ∀z ∈ R
2
+.
Hence the boundedness of Tα,γ from L
p(ωpdVα) to L
q(ωqdVα) implies the
boundedness of the maximal function Mα,γ from L
p(ωpdVα) to L
q(ωqdVα).
In particular, it implies thatMα,γ is bounded from L
p(ωpdVα) to L
q,∞(ωqdVα)
which by Lemma 2.3 implies that ω ∈ Bp,q,α. The proof is complete. 
Proof of Theorem 1.6. Recall that for any f > 0,
Tα,γf .
∑
β∈{0, 1
3
}
Qβα,γf
where Qβα,γ is given by (14). The boundedness of Tα,γ then follows from the
boundedness of
Qβα,γ : L
p0(ωp0dVα) −→ L
q0(ωq0dVα).
We observe that the latter is equivalent to the boundedness of
Qβα,γ(σ·) : L
p0(σdVα) −→ L
q0(udVα)
where σ = ω−p
′
0 and u = ωq0 . For any 0 < f ∈ Lp0(σdVα) and any 0 < g ∈
Lq
′
0(udVα), we only have to estimate the quantity 〈Q
β
α(σf), gu〉α.
We have
L := 〈Qβα(σf), gu〉α
=
∑
I∈Dβ
〈σf,
1QI
|I|2+α−γ
〉α〈gu, 1QI 〉α
=
∑
I∈Dβ
1
|QI |
1− γ
2+α
α
〈σf, 1QI 〉α〈gu, 1QI 〉α
=
∑
I∈Dβ
|QI |u,α
|QI |α
(
|QI |σ,α
|QI |α
)1− γ
2+α
〈σf,
1QI
|QI |
1− γ
2+α
σ,α
〉α〈gu,
1QI
|QI |u,α
〉α × |QI |α
≤ [ω]q0Bp0,q0,α
∑
I∈Dβ
|QI |α

 1
|QI |
1− γ
2+α
σ,α
∫
QI
fσdVα

( 1
|QI |σ,α
∫
QI
gudVα
)
.
Observe that
u
1
1−
γ
2+α σ = 1 = u
1
q0
· 1
1−
γ
2+α σ
1
q0 = u
1
q′
0 σ
1
q0
and so
|QI |α ≃ |TI |α =
∫
TI
u
1
q′
0 σ
1
q0 dVα ≤ |TI |
1
q0
σ,α|TI |
1
q′
0
u,α.
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It follows using the Ho¨lder’s inequality and Lemma 2.4 that
L := 〈Qβα(σf), gu〉α
≤ [ω]q0Bp0,q0,α
∑
I∈Dβ
|TI |
1
q0
σ,α

 1
|QI |
1− γ
2+α
σ,α
∫
QI
fσdVα

×
|TI |
1
q′
0
u,α
(
1
|QI |u,α
∫
QI
gudVα
)
≤ [ω]q0Bp0,q0,α

∑
I∈Dβ
|TI |σ,α

 1
|QI |
1− γ
2+α
σ,α
∫
QI
fσdVα


q0
1
q0
×

∑
I∈Dβ
|TI |u,α
(
1
|QI |u,α
∫
QI
gudVα
)q′0
1
q′
0
≤ [ω]q0Bp0,q0,α
‖Md,βσ,α,γf‖q0,σ,α‖M
d,β
u,αg‖q′0,u,α
≤ Cα,γ [ω]
q0
Bp0,q0,α
‖f‖p0,σ,α‖g‖q′0,u,α.
The proof is complete. 
The author would like to thank the anonymous referees for carefully read-
ing the manuscript and making suggestions that improved the presentation
of the paper.
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